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\^ • Abstract. Let Ai {i = 1,2, ■■ ■ ,k) be bounded linear operators on a Hilbert space. This 
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in terms of operator inequalities. Afterwards, an application of the characterizations is 
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■ 1 Introduction 
in ■ 

' A capital letter (such as T) means a bounded linear operator on a Hilbert space Ti. 

T is said to be positive (denoted by T ^ 0) if {Tx, x) ^ for all x G H, and T is said to 

be strictly positive (denoted by T > 0) if T is positive and invertible. The usual order 

S ^ T among selfadjoint operators on T-L is defined by {Sx,x) ^ {Tx,x) for all x £ H. 
• ^ . 

^ ' Let / denote the indentity operator. 

H : 

. 5t , As an essential and historical extension of the famous Lowner-Heinz inequality: A ^ 

B ^ ^ A^ ^ i?" if a G [0, 1], T. Furuta proved the following operator inequality in 
1987. 

Theorem 1.1. (Furuta Inequality, [8]) If ^ ^ i? ^ 0, then for each r ^ 0, 

(Ai^Mi)9 ^ (^ifiPAi)^, (1.1) 
(53^^53)5 ^ (si^P^i)^ (1.2) 
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hold for p ^ and q ^ 1 with (1 + r)q ^ p + r. 




Figure 1 : Domain of Furuta inequahty 

K. Tanahashi showed that the conditions p and q in Figure 1 are best possible for 
each r ^ 0. See [16]. It is well known that Furuta inequality has many applications. See 

[iiiiiaiisiiiiiiiiiiiiiiiiiis]. 

In 1995, T. Furuta showed the following theorem which interpolates Furuta inequality. 
Theorem 1.2. (Grand Furuta Inequality, [lOj) li B ^ with yl > 0, then for each 
t G [0, 1] and p'^l, 

^1-*+'' ^ (1.3) 

holds for s ^ 1 and r ^ t. 

K. Tanahashi proved that the exponent value °^ grand Furuta inequality is 

the best possible in [T7]. Afterwards, the proof was improved by T. Yamazaki and M. 
Fujii et al., respectively. See [19] and [6]. 

In 2003, grand Furuta inequality was extended by M. Uchiyama in [18J as follows: 
Theorem 1.3. (Extended Grand Furuta Inequality, [IS]) IfA^B^C^O with B > 0, 
then for each t € [0, 1] and p ^ 1, 

71^-*+^ ^ A^2{B-^CPB-^yA'2^^^^^ (1.4) 

holds for s ^ 1 and r ^ t. 

In 2008, grand Furuta inequality was given another extension in [11] as follows: 
Theorem 1.4. (Extension of Furuta Inequality, [IT]) UA^B^O with A > 0, t G [0, 1] 
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and pi,p2, ■ ■ ■ ,p2n ^ 1 for any natural number n, then the following inequality 

holds for r ^ t, where (/)(2n) = {• • • [{[{pi - t)p2 + t]p3 - t}p4 + t]p5 - ■ ■ ■ - t}p2n + t. 

In 2010, C. Yang and Y. Wang showed the following theorem which interpolates 
extended grand Furuta inequality in |20| . 

Theorem 1.5. (Further Extension of Furuta Inequality, |20] ) If ^2n+i ^ ^2n ^ 
A2n-i ^ ■■■ > A3 ^ A2 ^ Ai ^ with A2 > 0, ti,t2,. . . ,tn-i,tn G [0,1] and 
pi,P2, ■ ■ ■ ,P2n-i,P2n ^ 1 for a natural number n, then the following inequality 

1 , , L -.hk £2 _£2. li _£i _£i 

Jl-t„+r >/42 r/l 2r/| 2 . . . A \ A 2 r A 2 ( A 2 /iPl /l 2 \P2 
^2n+l ^ l^2n+l[^2n l^2n-l ^5 1-^4 1^3 ^.^2 ^1^2 J q 

Ai y^A- - rAi ■ ■ ■ A^^UY^-^A^^^ r"A|„+JW2TO^ 

holds for r ^ where %l)[2n\ = {■ ■ ■ [{[{pi-ti)p2 + ti]p3-t2}pA + t2]p5 tn}p2n+tn. 

Recently, some beautiful results on characterizations of operator order have been 
shown, such as [7], [14j and [TBJ. C.-S. Lin, by using Furuta inequality, showed the char- 
acterizations of operator order for two strictly positive operators in |15] . Afterwards, he 
and Y. J. Cho, by using extended grand Furuta inequality, showed the characterizations 
of operator order for three strictly positive operators. The aim of the present paper is 
to show the characterizations of operator order A^^ ^ ^fc-i ^ • • • ^ ^2 ^ > for 
any positive integer k in terms of operator inequality via further extension of Furuta 
inequality. An application of the characterizations is given to operator equalities due to 
Douglas's majorization and factorization theorem. 

2 Main results and proofs 

In this section, we show the characterizations of operator order for k strictly positive 
operators. First, we assume that k is an odd integer (A: = 2n + 1). 

Theorem 2.1. Let Ai,A2.,A3,--- , A2n-i, A2n, A2n+i be strictly positive operators. 
Then the following two assertions are equivalent. 

(I) A2n+1 > A2n ^ ^2n-l ^ • • • ^ ^3 ^ ^2 ^ ^1 • 
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(II) If ti,t2, ■ ■ ■ ,in e [0, 1], Pl,P2,-- ■ ,P2n-l,P2n ^ 1, '0[2n] = {• • • [{[{pi - tl)p2 + ti]p3 - 
t2}P4 + t2]p5 



(II.l) A^-l^, ^ {aI^, 



tn}P2n + tn, then the following inequalities always hold for r ^ tn- 

in _ *n-l ^ _£2 H_ —h. —tl. 



^2n {^2n-l 



. Ai {A- - . {Ai {A- - A{^A- - y-Ai 



A ' Ta^ 



^2n-l} 



V2n- \ — 



2n 



(II.2) ylL+l^ r42n+l 



P2n r 



^2n+l{^2n^ 



t2 *2 *n-l 

^5 J ^6 ^2n / ^: 



2 

2n+l 



P2n 



^2n+l 



(II. 3) ^2n+l ^ |^2ri+l 
6 J ^7 



^2n+l{^2n+l 



} r — tn 

±2 _t2 tl <! _tl tl 



P3 . 



2 1P4 4 2 



*n-l 

^2n+i; ^ 



tn 
2 

2n+l 



P2r 



-2 1 VlZnl-tn+r _ 

^2n+l f ' 



(Il.n) A^-^ ^ 



_£2 £2 
4 2 1 P4 4 2 



n+4 



. . . 4 2 ~l P2n-1 4 2 



4 2/4 2 ...42 [4 2r/i2 (A 2 4P1 4 2 \p2 4 2 1 P3 
^2n+ll^2n+l L^n+3l^n+2l^n+l^n ^n+lJ ^n+2/ 



2n+l 



P2r, 



4 2 



]-tn+r 



r 1 r —hi. £2 _£2 £1 _£i _£i £1 

(II.n+1) ^r*" ^ [aI \A\ -{A^- ... A^_, [A;^_\{An' {Al^,Al\^Al^^Y- A^ fa 



*2 



*2 



*n-l 



4-^]P4^^ . . . 4^~lP2n-l 4- 



P2, 



'^2 I V'[2nl-t„+r _ 



|- r r _tn_ *n-l £2 

(II.2n-2) A\-'- ^ [Al [A, {A,^ • • • Ai^_, [A 



£2 

2 

^2n-4 



2 1^2 



_£i 

2n-3 ■ (^2n-2^2n-1^2n-2)^^ ' 



Ain-sV^ ^2n-4:. 



*2 *2 



... 4 2 \ P2n-1 4 2 

2n-5 "^1 J ^1 



(IL2n-l) A^-*" < ^{A 



]-fn + r _ 



tn-1 
2 



t2 t2 tj^ 

■ ^2n-4 [^2n-3{^2n-2 



_!i _£i 
(^2n- 1 ^2n ^2n- 1 



tj _£2. £2. _ 

42 I.P34 2 1P4^2 ...4 2 1 P2n-1 4 

^2n-2/ ^2n-3j ^2n-4 ^2 / ^1 



P2n 



i/.[2n]-t„+r 



, r r —iiL "-1 £2. _£2 £1 _£i _£i 

(IL2n) A^-*" ^ [aI [a--{A,^ ... Al_, [A-^UiA^n-i ' (^"n^ ^^;+i^"n^ • 



tl _£2 £2 £n 

42 \P3 A 2 ]P4. A 2 ... 4 

^2n-lJ ^2n-2\ ^2n-3 ^3 



P2n-l^ ^ 



P2n 



V-pnl-tn+r 



Proof. (I)=^(II) Applying Lowner-Heinz inequality for to further exten- 

sion of Furuta inequality, (II.l) is obtained; Replacing Ai, A2, A3, . . . ,A2n-i,^2n 
by A2,A3,A4,... ,A2n,A2n+i in (II-l)i respectively, (II-2) is obtained; Replacing 
A2,A3,A4,--- ,A2n-i,A2n by As,A4,A5,--- ,A2n,A2n+i in (11.2), respectively, (II.3) 
is obtained. Similarly, we can obtain (II.4), (II. 5), • • • , (Il.n). 

If we replace Ai , A2 , A3 • • • , A2n-i , A2n, ^2n+i by A^J^^ , A^J , A^^_^ , ■ ■ ■ , A3 ^ , 
A2\^r^ in (II-l)' (II-2), (11.3), (Il.n), respectively, and take reverse, then (II. 2n), 
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(IL2n-l), (IL2n-2), (II.n+1) hold. 

(11)=^ (I) Because each Ai is strictly positive and bounded, there exist Ui and Vi such 
that +00 > UiJ ^ Ai ^ Vil > (i = 1, 2, • • • , 2n + 1). If we take Pi = P3 = P4 = • • • = 
P2n = 1, ti = ^2 = ■ ■ ■ = in = 1; = 2 in (II. 1), then we have 

^2n+l 

^ {Mn+i^A^i ■ ■ ■ AlA-^Al{A-'^A,A---Y-AlA-^Al ■ ■ ■ ^L^yt^A^n+ili 

(2.1) 

According to Theorem 6' in [5]: X > y > with si X ^ tl > Q ^ ^^^^'^ ^ ^^ 
we can obtain the following inequality by (2.1) and U2n+il ^ ^2n+i ^ V2n+il > 0. 

{U2n+1 + ^2n+l)^ .2 

A ^2n+l 

AU2n+lV2n+l (2.2) 

^ ^2n+1^2n ^2n-l " " " ^5 ^4 ^ ^3 (^2 ^^1^2 ^ )^^^3 ^4 ' ' ' ^2n-1^2n ^2n+l • 

Then we have 

(tt2n+l + ^^2n+l)^ '^2n^2n-2 " " " ^6^4 j 
Au2n+lV2n+l V2n-lV2n~3 ' ' ' V^V^ 

(^2n+l+t^2n+l)' ,-1,1,-1 .^.-j ...."S.l.-S (2.3) 

^ /I,, „ ^3 ^4^5 ^2n-1^2n^2n-l ^5 ^4^3 

4n2n+1^^2n+l 



Thus, 



^ {A,-'AiA,-'r- 

■ (^^2n+l + ■y2n+l)^ ■W2n^^2n-2 ' ' ' UqUA 



1 



' I ^ A^'AiA^^ (2.4) 



4u2n+lf2n+l f2n-ll'2n-3 " " " t^5^^3- 

holds for any p2 ^ 1- A2 ^ Ai is obtained by taking p2 — ?> +00. 

Similarly, we can obtain ^3 ^ ^2,^4 ^ A^,--- ,An+i ^ An by (11.2), (II. 3), 
(II. n), respectively. 

By the same setting for (2.2n), the following inequality holds according to Theorem 
6 in [5]: X ^ y > with s7 ^ y ^ f / > ^ ^^Sf"^^ ^ 

('7,, -|-7i-,')2 _1 1 _i 1 _i _l 1 _l i _i 

i_L__iZ_ 4 -, 4 2 /I 2 . . . 4 2 /I 2 (-4 24 4 2\P2A 2 4 2 . . . A2 A 24 

4uiZ;i 2 ^3 ^2n-2^2n-ll^2n ^2n+1^2n J ^2n-1^2?i-2 ^3^2 ^1 

^ Al 

(2.5) 
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Then we have 



^2n ^2n+1^2n 
^ ^,2 2n-1^2n-2 



AuiVi V2V4 ■ ■ ■ V2n-2 



I. 



^2n-2"^2ri-l 



-(ni+vi)^ usus • • • n2„_i- 
^2n+i ^ ^2n IS obtained by taking p2 — > +00 in (2.6). 

Similarly, we can obtain ^ ^2n-i,^2n-i ^ ^2n-2,' 

(II.2n-l), (II.2n-2), (II.n+1), respectively. □ 



P2 



(2.6) 



■ ,An+2 ^ An+i by 



Remark 2.1. If n = 1, Theorem 2.1 is the main result of 1153 



Next, we assume that k is an even integer (k = 2n). 



Theorem 2.2. Let Ai, A2, A3, ■ ■ ■ ,^2n-i;^2n be strictly positive operators. Then the 
following two assertions are equivalent: 

(I) A2n ^ A2n-1 ^ • • • ^ A3 ^ ^2 ^ ^1 • 

(II) If ti,t2, • • • G [0, 1], Pl,P2, ■ ■ ■ ,P2n-l,P2n > 1, V'Pn] = {' ' ' [{[{pi - tl)p2 + ti]p3 - 

^2)^4 + t2]p5 — ■ ■ ■ — tn}p2n + tn, then the following inequalities always hold for r ^ tn'- 



(II.I) Ai-'- ^ {4, 



^2n^ {^2n-l 



^2 

2 



*2 '2 'n-1 t„ 

^4 J ^5 ^2n-i; ^2n 



P2r 



4 

r-tn 



A 2 \ i'l2n]—tn + r 

^2n f '■ 



(II.2) A^;*" ^ {a 



_ tn 'n-1 

^2n^ {^2ri' 



£2 

2 



{A}{Af^Al^Af^rAi}P^. 



*2 '2 *n-l tn 

^5 J ^6 ^2n / ^2n 



P2i 



r — tn 

^2nJ 



(II.3) A^-'" ^ {a 

_ £2. £2. ^n — 1 

A« 2]^' A 2 ...A 2 



_ tn 

^2n^ {^2n^ 



Aj^ [Ag 



{A52 (A4 2 A^M^ 2 )P2^^2 I 



P3 . 



(Il.n) A: 



r~tn 
2n 



\P2n-l 4-- 

2n / ^2n 
|^2n 



P2n 



^2n 



;/)[2n]-tn + r 



*2 '2 



^n+3j 



ra+4 



•A, 



A2n' {A ^ 



n-l 

•IP2 

2n 



\P2n-l 4 



n_-l 

2n 

P2n 



2n 



^2 ''2 ^1 ^1 ''1 ^1 

[^n+'s {^n+2 (^n+\ ^fi^ ^n+\ ^n+2 

r — tn 

. 2 I '/'[2"]-tn+'' . 



^2n 



y 



r I r —la. '1-1 £2 _£2 £1 _£i _£i £1 

(II.n+1) A\-'" ^ [Af [a,^{A,- ... A^_^ [Al_\{A;t {AI^,A^^\^A^^,)p-^ A;i 



tn-l 

n-2 ^1 / ^1 



P2n 



A 



i/'[2n]-t„+r 
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r r r —hk *n-i ^ H _H _H 

(IL2n-2) ^r*" ^{AI[a;^{A,^ • ■ • A^^^,^ [^-„i4{^2^n-3 " (^2„i2^in-l A'n-2r^ ' 



^271-4] ^2n-5 



P2r, 



A 



1/ 



]-tn+r 



(II.2n-l) " ^ <^Al ^A^ 2 [A2 ^ • • ■ ^2n-4[^2n-3{^2n-2 ' (^2n-1^2n^2n-lF^ 



*2 



42 \P3 4 2 ]P4 4 2 ... 4 2 \P2n-l 4 2 

^2n-2J ^2n-3j ^2n-4 ^2 J ^1 

Proof. Let A2n+i = A2n in Theorem 2.1. □ 



j V[2nl-t„+r 



Together with Theorem 2.1 and Theorem 2.2, we show the characterizations of op- 
erator order A^ ^ Afc~i ^ • • • ^ ^ > for any positive integer k. For example, if 
A; = 5, we have the fohowing result: 

Proposition 2.1. Let Ai,A2,A3,A4 and A^ be strictly positive operators. Then A5 ^ 
^4 ^ ^3 ^ ^2 ^ ^1 if and only if the following four operator inequalities 



r — t2 



a;-'- ^ {aI [a;^ (4 {A-^^ Ai^Af- Y-Ai Y'A-' 

Al-'- ^ [4\Al-^{A-l{Al-^Al-Al-^rAtY'Af 





-*2+'- 


r 


-*2 






r 


-t2 


^[4] 


-t2+r 


r- 


-t2 


V<[4]- 


-t2+r- 



(2.7) 

(2.8) 
(2.9) 
(2.10) 



always hold for Vx-iV^iVZiVi ^ 1, ^1,^2 £ [0,1] and r ^ where ■0[4] 
{[(Pi - *i)^'2 + iib3 - i2}P4 + i2- 



Remark 2.2. It should be mentioned that we can not obtain A^ ^ A^^ A^ ^ A2 ^ Ai 



only by (2.7) and (2.10). If 

U + £ 



1 

iy 



1 1, ^2 



1 



A. 



1 



, A4 



u 0\ 
ij' 



A 



1 



ly ^ \o 

where u > 1 and e > 0, then the five strictly positive operators satisfy 



(2.7) and (2.10) without satisfying A4 ^ ^43. 
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3 An application 



In what follows we give an application of the characterizations in Theorem 2.1 and 
Theorem 2.2 to operator equalities. 

Theorem 3.1. If Ai,A2,As,--- ,A2n-i,A2n,A2n+i are strictly positive operators, 

tl,t2, ■■■ ,tn G [0, 1], Pl,P2, ■ ■ ■ ,P2n ^ 1, V'Pn] = {• • • [{[{pi - tl)p2 + iljpa - t2}p4 + 

t2]P5 tn}p2n+tn, r ^ m is a positive integer such that {r — tn)m = ■0[2n] — t„+r 

with m ^ 2, then the following assertions are mutually equivalent: 

(I) A2n+1 ^ A2n > ^2n-l ^ ■ ■ ■ ^ ^3 ^ ^2 ^ 

(II) The following operator inequalities hold: 

P2r7 



■^2n {^2?i-l 



_i2 

A, 2 



J 2 \P2n-l A 2 
^2n-i; ^2n 



(11.2) A^;^", ^ 



1 



A 2 



}m 



■^2n+l{-^2n 



*2 '2 'n-1 tn 

^5 J ^6 ^2n J ^2n+l 



P2n 



*2 ^2 

1 



4 2 

^2n+l 



(11.3) ^ \ Al^, 

r4 



}m 



A 2/42 



n-1 



„ ^2 
^ 2 1P4 4 2 



4^--lP2n-l 

^2n+lJ ^2n+l 



2n+ll^2n+l 

P2. 



4^ V 

^2n+l J 



1 



(A3 ^ AfA^ - r-Al }f3 



(Il.n) A^„+i 



:5 



^2n+l 



^2n+l{^: ^ 



_£2 £2 

4 2 1 P4 ^ 2 



n-l 

4 2 ~lP2n-l A 2 



<2 '2 



2n+l 
n-2 • • • ^1 ^ } 



2 

2n+l 

ti 



2n+l 

P2r7 



^■2 ^2 ''1 ^1 ''I ''1 

^n+4L^n+3t^n+2l^n+l^" ^n+li ^n+2/ 



4 2 



(II.n+1) A^-*" ^ 1^2 2 



' n-l 
2 



^2 _£2 £l _il _£i *1 

,42 f/l 2 f A 2 ( A 2 4PI /I 2 \p2 4 2 \P3 

^n-2L^n-lt^n V^n+l^n+2^n+li J 



P2n-1 4 2 



P2n 



A 



2 1™. 
1/ ' 



(II.2n-2) ^r*" ^ { A^ [a; ''{A,- ... A,l_, [A~J_dA2l-s ■ {A2nUAZ-iA2n'-' 



)P2 . 



«2 



42 \P3 4 2 ]P4, A 2 ... 4 2 l P2n-1 a 

^2n-3J ^2n-4j ^2n-5 ^1 J ^1 



P2n 



1; ' 



(II.2n-l) 



r-i„ 



Al 



^1 '■2 *2 

A~ \P3A~~ ]P'^A~ 
^2n-2J ^2n-3j ^2n-4 



a; ' {A2 

tn-1 



n — 1 t2 _£2 £l 

2 ...42 \ A 2 { A 2 

^2n-4 L^2n-3 l.^2n-2 



(^2n-1^2n^2n-lF^ " 



■ A 2 
^2 



|P2„-l^- 



P2n 



2 1"". 
1/ ' 



(II.2n) ^r*" ^ {aI [Af-^ {A^ . . . aI_, [A-X2{aLi " (^"J^' A^I^^.aJ ■ 



tj ^ ^n— 1 tn_ 

42 \Pi A 2 iPt A 2 ...A 2 \P2n-l A 2 

^2n-l/ ^2n-2j ^2n-3 ^3 / ^2 



P2n 
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(Ill) There exists strictly positive operators Si, S2, S3, ■ ■ ■ , S2n-2, S2n-i, S2n satisfying 
the following operator equalities, respectively, where each Si {i = 1,2, ■ ■ ■ , 2n) is unique 



with 



< 1. 



{lll.l) A2n\iSi{A2nj^lSi)™' A2n+1 = ^2n+l('S'l^2n+l)'^ ^l^2n+l = 



A~2n' {^2n^-l ' ' ' ^5^ [^4" ' i^i (^2" ^ ^2" ' ^ ^3^ T^^I 
(III.2) A2„^i S'2 (^2n+l 5*2)"'" ^2n+l 

£2. _£2 £i _£l 



Ai ...A 



■2n 



P2n-1 

^2n 



P2n 



(III. 2) ^2n+l'5'2(^2n+l'5'2)™' ^2n+l = ^2n+l ('5'2^2n+l )™' 'S'2A2n+l = 

tn £2. _£2 £i _£l _£i £i —la. „ £2. 

4 2 (a 2 ...42r/l 2 ( A 2 ( A 2 /iPl 4 2 \p2 /t 2 1.P3 /I 2 1 P4 4 2 ... /I 2 
^2n+ll^2n ^6 L^5 1^4 V^3 ^2 ^3 J ^4 J ^5 J ^6 ^2n 

^71 in in 

fIII.3l A^J, , &(^rh -, = A^J, , fS.Xlh r-^&AoJ , = 



P2n-1 

^2n+l 



(III.3) ^2n+l'53(^2n+l''''3; ^2n+l " ^2n+n^3^2n+l 

tn *n-l t2 _£2 £l _ ll _ iL iL 

^"n;i{^2nVl • • • [^6 ' iA' (^4" ^ ^4" ' A' A 



in in in 

I A 2 _ A 2 ( A'r-tn \m-l q A 2 _ 
^2n+l — ^2n+ll'^3^2n+l'' '^3^2n+l " 

M 2 /iPl 4 2 \p2 4 2 \P3 4 2 1P4 4 2 . . . 4 2 \P2n-l 4 2 



P2n 



P2n 



~ r t 1 

(Ill.n) ^2n+l'S'n(^2n+l'^'t)'" ^ 



"^n-l £2 

4 2/4 2 ... 4 2 

^2n+ll^2n+l ^ra+4 



.12 



2 

2n+l 
£l _£i 



4 2 4^■-^n^m-lc' 4 2 

2n+lV ™ ''"^-Li ' *Jr),^' 



'-2n+l> 



2n+l 
!2 ,„ £2 



r 4 2/42 1' 4 2" 4PI 4 2 \P2 A i \PZ A 2 1P4 4 2 ... 4 2 ~lP2n-l 4 
L^ri+31^n+2l^n+l^"- ^n+lJ ^n+2S ^n+3j ^n+4 ^2n+l ! ^: 



tn 

2 

2n+l 



P2n 



(III.n+1) ^ 5-_Ji(A^-*"5, 



^1 ^ 



{A 



n-1 
2 



£2 



-1" 



4 2 I'c'-l 4^•-^n^m-l c-1 4 



2 



42 [4 2 r A 2 ( A 2 4P1 4 2 \p2 4 2 IPS 4 2 1P4 4 2 ... 4 2 
^n-2 L^n-ll^n l^n+l^n+2^n+l J J ^n-lj ^n-2 ^1 



} 



P2n-l^- — 



P2n 



in tn 

(III.2n-2) A, ^ S^^_,{A[-'-S^^'_,r-'A, ^ 



^1 ^ ('5'2ri-2^1 



5. 



1 

-1 4 2 



^1 ' 



{A 



n-l 
2 



-_£2 

[^2n-4 



2 1^2 



2n-3(^2n-2 
r—tn 1 ^m— 1 



2 4P1 4 2 \p2 4 2 
^2n-1^2n-2/' ^ 



£1 

2 

2n-3 



r^^2"nl] 



2?i-2^1 — 

n — 1 tfi. 
— \P2n-l^- — 



(III.2n-l) A, - 52-^_i(^r*"52n-i 
£2. £1 _£i 



_ t2j_ '^71-1 

^1 M A ' • • • [A ^ 



£1 



^1 ^ ('5'2n-lAl 



2n-3 
-1/ /ir-t 



^■^2n-2^-^2n-\-^2n-^2n-\f^ ■^2n-2 



r-tn\m-\ Q-l /l 2 
J '^2ri-l^l 

£i _£2 '71-1 _ti- 



(III.2n) - S^:^{A\-'-S^^r~^A. - 



2n-3j ^2 
2" (' Q— 1 4»'-tn\m-l Q-l A^'2 



^1 ^ ('S'2n ^1 



^ t;""^ 4 



4 2 
^2 



{A; 



-n — 1 
2 



^2 ^1 ^1 ^1 ^1 i^ 

V^2n-2\^2n-l\^2n ^2n+1^2n 1 ^2n-l/ ^2n-2j 



} 

|P2„-l^-^f 



P2n 



"■1 



^71-1 

A, 2 



P2n 



P2n 



Proof. Because (11)4^(111) holds obviously by Theorem 2.1, we only need to prove that 
(II)^(III). 

Firstly, let us prove that (II. 1)^(111. 1). We recall Douglas's majorization and fac- 
torization theorem in \Z\: SS* ^ X^TT* <^ there exists an operator Q s.t. TQ = S, 
where ||Q|p = m/{/x : SS* ^ fxTT*}. 
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By (II. 1), there exists an operator Ei with ||-Ei|| ^ 1 such that 



{^2n+l 



^1^2n+l 



4 2/4 2 . . . S A 2 ( A 2 4PI 4 2 \P2 4 2 \P3 . . . 4 2 \P2n-l 4 

^2n l^2n-l 1^3 1^2 ^1 ^2 ^3 J ^2n-l J 



2n 



P2r 



^2n+l} 

(3.1) 



1 

2m 



Taking = EiE^, we have 

r — tn r — tn 

"42n+l'S'l^2n+l 



A, 



2n+l 



tn-1 



A 2/4 2 ...SA2(A 2 API A 2 \P2 4 2 \P3 . . . 4 2 "lP2n-l 4 

^2n l^2n-l 1^3 1^2 ^1 ^2 ^3 J ^2n-l J 



2n 



P2n 



^2n+l 

(3.2)' 



According to (3.2) and = EiE^, Si is unique and strictly positive with \\Si\\ ^ 1. 
(3.2) also implies that 



V^2n+l'-'1^2n+lJ " ^2n+l "-"l >.^2n+l'-'l i ^2n+l ~ ^2n+l l"^! ^2n+l J '-'1^2n+l 



— 42 

~ ^2n+l 



4 2/4 2 .../42/4 2 4PI 4 2 \P2 4 2 \P3 . . . 4 2 \P2n-l 4 2 

^2n l^2n-l 1^3 1^2 ^1 ^2 i ^3 J ^2n-lJ ^2n 



P2n 



4 2 

(3.3) 



Then (III.l) holds by (3.3). 

Secondly we prove that (III.l)^ (II. 1). By (III.l), 



{^2n+l 



_tn 'n-l 

^2n^ {^2n-l ' 



^2n-l / ^2n 



P2n 



A^ \ 



(A 



r-tn 

2n+l 



r-tn 
2 



SlA2n\l) • • • (A 



r-tn r-tn 

2 <?, 4 2 \\ ^ 



— {(A2n+l'5'lA2n+l; 

r—tn ' — tn 
A 2 Q A 2 

— ^2n+l'^1^2n+l 
^ ^2n+l- 

The inequality follows form the fact that Si ^ ||'S'i||/ ^ /, and then (II. 1) holds. 

By using the same method above, we can prove that (II.2)<J=;> (III. 2), (II.3)<S^ (III-3), 
• • • , (II.n)<;=> (Ill.n), respectively. 

Next, we show that (II.2n)<;4>(III.2n). Notice that for two strictly positive operators 
5 and T, 5 ^ r if and only if T"^ ^ S'^. Then (II.2n) is equivalent to 



{A 



A 2 
^2 



{A 



-n — 1 
~2 



*2 



,42 [4 2 ! A 2 (A 2 4PI 4 2 \P2 

^2n-3 L^2n-2t^2n-ll^2n ^2n+1^2n / 



il. 



t_2 



42 \P3 4 2 1^442 ...4 2 1 P2n-1 4 2 

^2n-lJ ^2n-2\ ^2n-3 ^3 J ^2 



-P2r. 



^4 



(3.4) 
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The proof that (3.4)4»(III.2n) is similar to the proof of that (IL1)<;=>(IIL1), so we omit 
it here. 

Repeat the method above, we can prove that (II.2n-l)<S4>(III.2n-l), (II.2n-2)<j^(III.2n- 
2), (II.n+l)4»(III.n+l). □ 

Theorem 3.2. If Ai, A2, A^, ■ ■ ■ , A2n-i, A2n are strictly positive operators, ti,t2,---, 

tn € [0, 1], Pl,P2, ■ ■ ■ ,P2n > 1, V'[2n] = {• • • - t\)V2 + ^ibs " H}V'^ + *2]P5 

tn}P2n + tn, r tn, m IS a positive integer such that (r — tn)'m = ip[2n] ~ tn + r with 
m ^ 2, then the following assertions are mutually equivalent: 

(I) A2n > A2n-\ ^ • • • ^ ^3 ^ ^2 ^ ^1- 



(II) The following operator inequalities hold: 



(II.l) All'- ^ 

^2n-l} 



_tn_ *n-l 

^2n {^2n-l 



■ Ai {A- ^ . {Ai (^- ^ ^2" ^ y^^i T 



n — 1 ^ tn 
P2n-1 — 

^2n 



P2r7 



(II.2) A^~^'- ^ [a 



tn-1 



^2n {^2n 



}m 
! 

«2 



_£2. £2. 

^5 ^ ]'''^6^ 



2n 

"^2n / ^2n 



.^6^ [A-^ • {A/ (^3 ^ ^f^- ^ )^'^^/ }: 



P3 . 



P2n 



/( 2 I 

^2n I 



(II.3) A^r"^ r4: 



^2n 



^2n^ {^2n 



aJ [Af- . {a} [A^^ A^^Af- Y-a} . 



<2. 



tn-1 



^6 J ^7 ^2n / ^: 



2n 



P2n 



A. 



2n 



1 

}m 



(Il.n) A-*" ^ [a-^^ [A,^- . . . [AlUA^^^{Al^,Al^Al^,Y-A^^^y^ 



_£2 £2 'n-1 __tn. 

A 2]Pi A 2 ... /I 2 1 P2n-1 A 2 

^n+3j ^2n J ^2n 

tn 



P2n 



A 2 

^2n 



r n r _*iL £2 _£2 £1 _£i _£i £1 

(II.n+1) A[-'- ^ [Af [a; -{a,- ... A;^_,[A-_\{An' {Al^,Al\^Al^^Y^ A^ fa 



^2 *2 *n— 1 

^n-lj ^n-2 • • • ^1 



r L r — *iL £2 

(II.2n-2) ^r*" ^ {A! [A, ''{A,^ ■.■ A,l_, [A 

'4y 



^2n-3V'^ ^2n-4 



■2 tn 

2 



tn-1 tn 

2n-5 ^1 / ^1 

*n-l 



.^2 £1 _£i „£i 

^2n-4{^2n-3 ' (^2n-2^2n-1^2n-2)^^ ' 

1 



Al [a- -{A^- ... A-^_, [A-nU{Ain-2 ■ iA-,'-lAZA2n'-ir " 



*1 ''2 *2 

^2n-2' ^o^^r,] ^ 



2n-3j 



2n-4 



^2 



■|P2n-l^- 



P2n 



A 



§ ~1 m 
1/ ■ 



(III) There exists strictly positive operators Si, S2, S3, ■ ■ ■ ,S2n-2,S2n-i satisfying the 
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following operator equalities, respectively, where each Si (i = 1, 2, • • • , 2n — 1) is unique 



with 



^ 1. 



(III.l) A,^^ SiiAl-'-S,r 

*2 *2 *1 



1 A 2 
^2n 



■ _tn 'n-1 



2 



(III.2) A 



2 {^3^ (A- ^ A\-A- - rAi Y^A- - Y'A^ 

s^r-^A^^' =A 



n-l t2 _*2 



^2n 



(52 A 



tn\m— 1 

1 _*2 



\m— 1 Q A 
2n ) '-'2^2n 



An' {An' ---Ai [A- - {Ai (A- ^ A^M" ^ y-Ai Y^A 



(IIL3) S^{A-'-S,r-^A-^- 

*n.— 1 t2 _£i 



— tn\m— 1 04 2 

2n J '-'3^2n 
.^2 . 



A.J {A^^ ...A,- [A- ^ {Ai {Al - Al^Al ^ f^A^ fa A" - Y'A^ 



^2n 



ft — ± 

^2n-lJ ^: 



2n 



*n — 1 t„ 

^2n / ^2n 



^2n / ^2n 



P2n 



P2n 



P2n 



(Ill.n) A, 



2n 



^2n^ {An^ 



'5'n(^2n' 
t2 



n Q 



m—1 A 2 
^2n 
t2 *! 



^2n^ ('S'n^: 



r—t„\m—lQ A 2 
2n ) '-'n^2n 



«2 



*n-l 



.42 \ A 2 S A 2 (A 2 API A 2 ■\P2 A 2 \P3 A 2]P4 A 2 ... 4 2 "1 P2n-1 A 



2n 



■ -ill 
A, 2 



(III.n+1) A^ 2 
{A 



2 



-in , 
2 C— 1 
71+1 

i2 



(A- 



-tn Q— 1 Nm— 1 /l 2 A 



-1 

-'n+D 



i^n+lA 
*i _t2 



Am— 1 



1 — 
O-l 4 2 _ 



— |P2„-l^-- 



P2n 



P2n 



(IIL2n-2) Ai ^ 52-i_2(Ar*"52,_2 

*n-l 



A, - 



-in. 



2n-2^1 

—is. ii. _iL _ii ii _^2 _^ ^ 

I A 2/42 (-4 2 4PI A 2 \P2 A 2 \P3 4 2 1P4 ^ 2 ~l P2n-1 ^ 2 

L^2n-4t^2n-3l^2n-2^2n-1^2n-2/' ^2n-3J ^2n-i\ < 



/Q— 1 ^f" — tn\m— 1 Q— 1 /I 2 



■"271-2^1 

*n-l 



P2n 



(III.2n-l) A^ 2 5.^ 

*n— 1 *2 



2n-l(^l 



•~'2n-l 



\m— 1^ 2 



A ' 



-1 



' {A 



ti 



[4 2/42 (A 2 aPX a 2 \P2 4 2 \PZ A 2 ] 
L^2n-3t^2n-2l^2n-1^2n^2n-lJ ^2n-2J ^2n-3j 



/If'— In\m— i Q— 1 /I 2 

2n-l^l / '-'2n-l^l ~ 

*n-l 

P4 Ag"^ 



P2n 



Proof. Let A2n+i = A2n in Theorem 3.1. □ 



Together with Theorem 3.1 and Theorem 3.2, we give an application of the charac- 
terizations of A/j ^ A/j_i ^ • • • ^ A2 ^ Ai > to operator equalities for any positive 
integer k. 
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